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Initial value data for the collision of two black hole col-
lisions should satisfy a close and a far limit: when the two
holes are at large separation the solution should be almost
that of two isolated Kerr holes; when they are at small sepa-
ration, the solution should, in an outer region, approach that
of a single hole. The standard approach to generating initial
value data, based on a conformally flat 3-geometry, is elegant
and broadly applicable, but for nonrotating holes it satises
neither limit. We give here a simple prescription for initial
data that, for some rotating collapses, satises both limits.
These initial data will be used for linearized evolution, and
should be well suited to numerical relativity.
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The study of black hole collisions with numerical rel-
ativity [1] will give unprecedented insights into the non-
linear workings of relativistic gravitation in strong eld
situations and is expected to provide important informa-
tion about the waves that may be observable with newly
developed gravitational wave detectors [2]. Numerical
relativity codes evolve forward in time the specied ini-
tial data (ID) for the 3-geometry and extrinsic curvature,
and require that these ID satisfy the momentum con-
straint and Hamiltonian constraint of Einstein’s theory.
For the ID to be astrophysically relevant they should be
related to the spacetime that would evolve as two holes
dynamically approach each other. This imposes at least
two criteria on the ID solution: (i) Early in the collision,
each hole will radiate away its local perturbations in a
short time and relax to a Kerr hole. When the initial
separation ‘ between the two holes is large, the ID near
one of the holes (i.e., at a distance ‘) should approach
that of two individual Kerr holes. More specically, in
a neighborhood of one of the holes, small compared to
‘, the solution should approach the Kerr solution. (ii)
As the collision proceeds, a single hole is formed, and
perturbations outside the horizon of that nal hole are
radiated away. For small ‘ then, the ID solution should
have an enveloping horizon outside of which perturba-
tions approach zero.
Much of the progress in numerical relativity has been
based on the denitiveness of the prescription given by
Bowen and York [3], hereafter BY. This prescription
achieves great simplicity and broad applicability (an ar-
bitrary number of holes with arbtitrary initial momenta
and spins) from the restriction that the initial geometry
is conformally flat. For two initially stationary, nonro-
tating holes, the BY ID satisfy both the far and close
limit astrophysical criteria, but more generally the far
separation criterion is not satised: A single moving BY
hole is not a boosted Schwarzschild hole [4] and a single
spinning Bowen-York hole [5] is not a Kerr hole. If there
is angular momentum in the collision, furthermore, the
close limit criterion appears not to be satised: The spa-
tial geometry for known slicings of the Kerr spacetime is
not conformally flat, so ID solutions for close limit holes
cannot be given with the BY prescription.
As a starting point for numerical evolution, BY holes
may have practical disadvantages. The initial holes must
radiate away their local \non-Kerricity," and tracking
this numerically might impose computational burdens
(grid resolution, etc.). The BY prescription also pre-
cludes the application of perturbation theory to colli-
sions resulting in a rotating hole. First and second-order
perturbation theory have been remarkably successful in
the \close limit approximation," the analysis of collisions
starting from small separations [6,7], and the compari-
son of close-limit perturbation theory and fully nonlinear
perturbation theory has been very useful in the eort to
understand collisions [8].
In this paper we present an approach to the generation
of ID for a class of problems leading to a rapidly rotat-
ing nal hole. These ID have the correct close and far
limit, and t the needs of close-limit perturbative anal-
ysis. Since this approach has essentially the same com-
putational simplicity as that in the conformally flat ap-
proach, it is our hope that these solutions will be consid-
ered as starting points for numerical relativity evolution,
so that numerical results can be compared with those of
perturbation analysis.
Our approach has some supercial similarity to that of
the BY program in that we start with a simple method
for nding, by construction, a conformally related ex-
trinsic curvature that satises a (conformally related)
momentum constraint. We then solve the Hamiltonian
constraint numerically for a conformal factor. An alter-
native approach, apparently applicable to the same set of
collision congurations, has recently been given by Baker
and Puzio [9]. That method starts with a specication of
the 3-geometry and solves for partial information about
the extrinsic curvature. The method we present here
is simpler to implement numerically, is more physically
transparent and involves fewer (or at least more obvious)
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choices.
The simplicity of our method is very helpful in clarify-
ing an important conceptual issue. For a family of non-
moving two-hole ID, parameterized by separation, the
close limit should be a single hole. If the two holes
are nonrotating, then the separation itself is the only
source of nonsphericity, and it is only this nonspheric-
ity that makes the \nal" single hole deviate from a
Schwarzschild hole. One therefore expects that for any
family (astrophysically relevant or not) of two-hole non-
rotating ID, as the separation goes to zero, the nal
hole, outside the horizon, approaches an unperturbed
Schwarzschild hole, and this is what in fact is found [6].
For the nonrotating case the nal hole must have only
sphericity to be free of radiatable perturbations. For a
family of two-hole rotating ID, Kerricity of the nal hole
is much more demanding. It requires a delicate balance
of what may be thought of as the ratio of multipole mo-
ments. This ne tuning of various parameters, that will
occur due to radiation in dynamical evolution, should not
be expected to occur automatically in a mathematical se-
quence of ID. We will see below that this expectation is
justied, and that the astrophysically correct close limit
will require a contrivance.
For denitiveness we will limit the conguration de-
scribed here to axisymmetric ID for holes of equal mass
m, and equal spin j, in which the holes are located on
a symmetry axis, and the angular momenta are parallel
to that axis. It will be useful to consider three families
of ID, each with two parameters. One parameter will
be the dimensionless characterization of the angular mo-
mentum of the holes (i.e., angular momentum/mass2),
and the second parameter will be a measure of separa-
tion, per unit mass, of the holes.
We start with the form of the metric used by Brandt
and Seidel and others. (See Refs. [10,11] and references
cited therein.) In place of their radial coordinate  which
is appropriate to the description of both sides of a throat,
we use the alternative coordinate r, related to  by d =
dr=r. In terms of this coordinate, and the Brandt-Seidel
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where q and the conformal function Ψ are functions only
of r and . We next assume that the extrinsic curvature is
rotational, in the sense that it is unchanged under simul-
taneous reversal of  and t. A consequence of this is that
only the r and  components of the extrinsic curvature









The initial value equations of Einstein’s theory impose no
constraints on q, but the momentum constraint requires
that the bHs satisfy
r@r( bHE) sin3  + @( bHF sin2 ) = 0 : (3)
Once q, and bHs solving (3), are chosen, one nds the con-
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The solution of this equation, of course, depends on what
boundary conditions are specied, equivalently on the
nature of the singularities chosen for Ψ. A useful way of
handling such a specication is to write
Ψ = Ψr + Ψs =
p
rr + Ψs ; (6)
splitting Ψ into a nonsingular function Ψr (or r) and








M2 − J2=M2 =(2r)
i
; (7)
corresponds to boundary conditions of asymptotically
flat space at r ! 1, and at r ! 0, connected by a sin-





h bH2E sin2  + bH2F i =4 ; (8)
which must be solved for Ψr, with boundary conditions
that r be regular everywhere.
For a single, isolated centered Kerr hole, of mass
M , and J the ID functions have fairly simple func-
tional forms (for details see Ref. [10]) which we denote
by qK(r; ;M;J); bHEK(r; ;M;J); bHFK(r; ;M;J). If
these functions, and the singular function Ψs of (7) are
used in (8), the resulting solution for Ψ is the correct
conformal function for a constant t slice of the Kerr ge-
ometry.
We now consider three one-parameter sequences of ID.
All sequences will contain two throats, and in all the
parameter 2z0 will represent a measure of the distance
between the throats. In sequence I we use precisely the



















r2  2z0r cos  + z20.
If z0 is much less than m, the resulting (two-throat)
solution for Ψ diers from the Kerr Ψ only in a small cen-
tral region that lies well within the horizon . Sequence I,
then, has the correct close limit but turns out not to have
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the correct far limit; for large z0 the spacetime near one
of the throats does not approach that of an isolated Kerr
hole. To achieve this we construct sequence II. The rst
step is, with straightforward coordinate transformations,
to shift a pure Kerr solution, for a hole with parameters
m; j so that the \singular" point of Ψ is at r = z0;  = 0
rather than at r = 0. We call the resulting ID func-
tions q1(r; ;m; j); bHE1(r; ;m; j); bHF1(r; ;m; j). Note
that, by construction, bHE1; bHF1 satisfy the momentum
constraint. Similarly we use the subscript \2" to de-
note a pure Kerr solution, for parameters m; j, shifted to
r = z0;  = . As the ID functions for sequence II we
use q = q1 + q2; bHE = bHE1 + bHE2; bHF = bHF1 + bHF2.
Since the momentum constraint (3) is linear, the se-
quence II functions bHE ; bHF , constructed by superposi-
tion, are guaranteed to satisfy the momentum constraint.
The two throat singular function of (9) is then used, and
(8) is solved for the conformal function. This sequence
has, as one should expect, the correct far limit: when
z0=m is large, the ID near each of the throats approaches
two isolated Kerr holes. As discussed above, sequence
II should not be expected to have the correct close limit,
and it does not. As z0=m! 0, a single horizon surrounds
both throats, but the solution near that horizon does not
approach the Kerr geometry.
To have both the correct close and far limits we con-
struct sequence III, by combining sequence II, for two
holes each with parameters m; j and sequence I for Kerr
functions with parameter M = 2m and J = 4j. We take
 = f [1 +2]+(1−f)K , where  stands for q; bHE orbHF . The functions qK ; q1; q2; ::: etc. are those introduced
for sequence I and II. The \transition" function f(z0=M)
is taken to be f = 1=(1 + M2=z20), and changes the ID
from sequence I to sequence II as the separation z0=M
increases, so that the ID have both the correct close and
far limits.
As we did for sequence I and II, we must solve the
Hamiltonian constraint for the singular behavior speci-
ed in (9). To do this we discretized equation (8) on a
uniform two-dimensional rectangular grid for  and for
a compactied radial coordinate rc = r=(r + c), with
c  1. The nonlinear elliptic equation (8) was then
solved for r with Newton-Raphson iteration. The re-
sults for r shown in Fig. 1 illustrate the sequence III
close and far limits. Figure 1(a) shows the analytic (not
numerically computed) r for a single Kerr hole, with
M = 0:5, J = 0:225, located at r = 5;  = 0; the insert
shows details of r near the point r = 5;  = 0. Fig-
ure 1(b) presents the computed r near r = 5;  = 0,
for a sequence III pair of such holes. A comparison of
parts (a) and (b) shows that at this separation sequence
III gives a reasonable approximation to an isolated pure
Kerr hole. The dierence, less than 5%, is partly numer-
ical (the coarse grid resolution) and partly physical (the
interaction of the two throats at nite separation).
Figure 2 illustrates the approach to the close limit with
plots of Ψ, the dierence between Ψ for sequence III
(with M = 1; J = 0:9) and Ψ for the Kerr solution cen-
tered at r = 0 (with M = 1; J = 0:9). Results are shown
in (a) for z0 = 0:05, and in (b) for z0 = 0:2. The thick
curve in each plot shows the location of the horizon for
the Kerr hole. The plot in (a) is evidence that for a sep-
aration z0 = 0:05 sequence III very closely approximates
a single Kerr hole at and outside the horizon. (The max-
imum deviation is less than 10%.) Well inside the hori-
zon there are large dierences, as should be expected for
solutions with dierent topology. By constrast, the devi-
ations at the horizon in (b) show that this conguration
is well away from the close limit.
Generalizations from axisymmetric congurations with
two identical holes will be discussed in a longer work now
in progress. The rotating ID of the type discussed here
will be used as a starting point for close limit linearized
evolution with attention focused on a few specic issues
(comparison of evolution with the Teukolsky equation,
and evolution in which J is treated as a perturbation;
the sensitivity of radiative power to the form of the tran-
sition function f ; etc.). These studies will be of particular
interest if the rotating ID sets used are also evolved with
fully nonlinear numerical relativity codes.
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FIG. 1. In (a) the regular part of the conformal factor ob-
tained from sequence III is displayed. The physical parame-
ters are given by M = 1, a = 0:9, and z0 = 4:5. In part (b)
the relative dierence to the value for one single shifted Kerr
hole with M = 0:5; a = 0:45 is shown.
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FIG. 2. Dierence between the sequence III computed Ψ
(for M = 1; J = 0:9) and the Kerr Ψ (for M = 1; J = 0:9). In
(a), the separation is given by z0 = 0:05, and dierence is less
than 10 outside the horizon. In (b) z0 = 0:2, and the sizeable
dience indicates that sequence III is not approximated well







































z  =0 0.05
z  =0 0.20
Ψ _ΨKerr
Ψ _ΨKerr
θ = 0
θ = 0
/ 2
/ 2
horizon
horizon
1
0.15
0.2
0.25
0.3 0 0.05
0.1 0.15
0.2 0.25
0.3
1
0.15
0.2
0.25
0.3 0 0.05
0.1 0.15
0.2 0.25
0.3
